Some Exercises for Lisbon 2016

. Assume that W' and W? are independent Wiener processes. Prove that
W is Wiener, where W is defined by

1
Wy = —— {aW! + bW?
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and a, b,are real numbers.

. Consider a B-S model with continuous dividend yield q. Prove that GZ is
a (Q martingale directly by using the Qdynamics.

. Same model as above. Prove that if f(¢,s) is the arbitrage free price of a
derivative, then f(t,S;)/B: is a Q-martingale, by using the @ dynamics
and the relevant PDE.

. Same model as above. Using classical arguments, derive the hedging port-
folio for a claim of the form ®(St).

. Consider an asset S with general dividend process D. Show that the
forward price f(¢,T, St) i.e. the forward price contracted at ¢ for delivery
of one unit of S at time 7', is given by the cost of carry formula
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Hint: Use the cost of carry formula for dividend paying assets.

_ Q
f(t7Ta ST) - p(t,T) <St - Et,s

. Consider a Black-Scholes model, and compute the price of an asset-or-
nothing option where the payoff is given by

X =587-1{Sy < K}

. Let the stock prices S* and S? be given as the solutions to the following
system of SDE:s.

dStl = Oélstldt—FO'lStlthl, Sé:sl,
dSt2 = OéQStht—i-O'QSthWtQ, 53282,

The Wiener processes W' and W?2 are assumed to be independent. The
parameters are assumed to be known and constant. There is also a bank



account with constant short rate r. Your task is to price the T-claim X
defined by
X =57-1{S} <K}

where I denotes the indicator.

. Compute the price of an exchange option on the two assets in the previous
exercise so

X = max [S% — 5%70}
This was basically done in the OH slides so the only thing that has to be

computed is the relevant volatility.

. Compute the price of a maximum option on the two assets in exercise 7,
SO
X = max [S7, S} ]



